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1. Consider the IVP uy = u3x, u(x, 0) = 2x
3
2 .

(a) (5)Discuss the existence and uniqueness of the IVP.

(b) (5)Solve the IVP.

2. (10)Let Ω be a domain in R2 symmetric about the x-axis and let Ω+ = {(x, y) : y > 0} be
the upper part. Assume u ∈ C(Ω+) is harmonic in Ω+ with u = 0 on ∂Ω+ ∩{y = 0}.
Define

v(x, y) =

{
u(x, y), y ≥ 0, (x, y) ∈ Ω,

−u(x,−y), y < 0, (x, y) ∈ Ω.

Show that v is harmonic.

3. Let ϕ be fundamental solution of heat equation given by:

ϕ(x, t) =

{
1

(4πt)n/2 e
− |x|2

4t , x ∈ Rn, t > 0,

0, x ∈ Rn, t = 0.

(a) (5)Show that
lim

(x,t)→(x0,0)
ϕ(x, t) = 0, for x0 ̸= 0.

(b) (5)Show that ∫
Rn

ϕ(x, t)dx = 1 ∀t > 0.

4. (10)Solve 
utt − uxx = 0, x > 0, t > 0,

u(x, 0) = f(x), ut(x, 0) = g(x),

ux(0, t) = h(t).

5. (10)Consider the wave equation:

utt −∆u = 0, in Rn × (0,∞),

with initial data:
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x).

Verify that the solution is given by:

u(x, t) = uϕ(x, t) +

∫ t

0

uψ(x, s)ds,

and also by:

u(x, t) = vψ(x, t) +
∂

∂t
vϕ(x, t).

***


